Let G be a countable abelian group. We construct a unital simple projectionless C * -algebra A with a unique tracial state, that satisfies
Introduction
In [6] , Jiang and Su have concretely constructed the projectionless C * -algebra Z whose K 0 -group is (Z, Z + , 1) and K 1 -group is {0} which is now called the Jiang-Su algebra and they have shown that any automorphism of the Jiang-Su algebra is approximately inner. For the classification program of finite C * -algebras started by G. A. Elliott , the Jiang-Su algebra behaves as O ∞ in the classification theory for Kirchberg algebras. Then the Jiang-Su algebra was studied by many people (e.g., [2] , [3] , [12] , [15] , and [16] ).
In this paper elaborating Jiang-Su's method we give a unified way of constructing unital projectionless C * -algebras with arbitrary K 1 -group. And, as an application of this construction, we can prove the following corollary as remarked in Remark 5.3. ′′ ) such that π τ • γ = Ad W • π τ , W − 1 2 < ε, and
Here WInn(A) is the subgroup of the automorphism group of A defined by WInn(A) = {α ∈ Aut(A); π τ • α = Ad V • π τ , V ∈ U (π τ (A) ′′ )}, and π τ is the GNS-representation associated with τ . This corollary is a straightforward generalization of Theorem 2.6 in [13] . The aperiodicity in the assumption of this corollary will be characterized by the following theorem. 
This theorem is motivated by a similar result for UHF-algebras by Kishimoto [7] . The condition expressed in terms of positive elements in this theorem, has given the result in [13] that: when A is the Jiang-Su algebra, B is a unital simple TAF-algebra satisfying a certain condition in [13] , β is an automorphism of B, and α ∈ Aut(A) has the property in the above theorem, this condition implies that the automorphism α ⊗ β of A ⊗ B is asymptotically unitarily equivalent to an automorphism with the Rohlin property.
The building blocks of the unital simple projectionless C * -algebras constructed in Theorem 3.2 or 4.5 will be dimension drop algebras on one-dimensional compact Hausdorff graphs with 'dimension drop' condition at each end point. Give a finitely generated abelian group G, the base space is uniquely determined as a one-point union of copies of torus T and copies of the interval [0, 2π] with 0 ∈ [0, 2π] the common point, where the number of copies of T corresponds to the rank of the free part of G and the number of copies of [0, 2π] corresponds to the number of directly indecomposable summands of the torsion subgroup of G. Regulating matrix algebras on the end points 2π ∈ [0, 2π], we obtain a unital projectionless dimension drop algebra that has the finite cyclic groups as K 1 -group. In [4] , Elliott have already obtained the projectionless C * -algebra whose K 0 -group is (Z, Z + , 1) and these K 1 -group is a given countable abelian group, and many people have studied subhomogeneous C * -algebras on one dimensional compact Hausdorff spaces of similar type (see e.g. [8] , [10] , [14] ). However the author could not find a type of unital projectionless dimension drop algebras suitable to prove Corollary 1.1. Recently, H. Lin showed the classification result of the inductive limit C * -algebras of dimension drop algebras of general type, in [9] .
The contents of this paper are as follows. In Section 2, for a given finitely generated abelian group G we construct a projectionless dimension drop algebra whose K 1 -group is G. In Section 3, for a given countable abelian group G we construct a unital simple projectionless C * -algebra whose K 1 -group is G that is the inductive limit C * -algebra of a sequence of dimension drop algebras. In Section 4, we show Z-stability of these projectionless C * -algebras, which is a key property in the classification theory according to [5] and [16] . In Section 5, we prove Corollary 1.1 and Theorem 1.2. In order to show this corollary we need to show a UHF-embeddability, and in order to show this UHF-embeddability we also need to consider another one-dimensional homogeneous C * -algebra which naturally contains the dimension drop algebra mentioned above.
Concluding this section, we prepare some notations. When A is a C * -algebra, we denote by A 1 the set {a ∈ A : a ≤ 1}, A sa the set of self-adjoint elements of A, U (A) the unitary group of A, T (A) the tracial state space of A, A ∞ the quotient ℓ ∞ (N, A)/c 0 (A), and A ∞ the relative commutant A ∞ ∩ A ′ . We use M n to denote the C * -algebra of n × n matrices with complex entries and we denote by Tr n the normalized trace on M n . In this paper we denote by p i the ith-prime number and (m, n) the greatest common divisor of m and n. On a metric space (X, d), we say that Y ⊂ X is ε-dense in X if for y ∈ Y there is x ∈ X such that d(x, y) ≤ ε.
Dimension drop algebras
First we shall prepare some symbols and define a dimension drop algebra for a finitely generated abelian group. For a given countable abelian group G we will express G as the inductive limit of an increasing sequence of finitely generated abelian group G n , n ∈ N, and construct a unital simple projectionless C * -algebra whose K 1 -group is G as the inductive limit C * -algebra of dimension drop algebras for G n , n ∈ N. Then we denote by G n a finitely generated abelian group, by G n,0 the free part of G n , and by G n,1 the torsion subgroup of G n . Set r (n) 0 = rank(G n,0 ) ∈ Z + . For i ∈ N with p i | |G n,1 |, let G n,i be the subgroup of G n generated by {g ∈ G n ; o(g) = p n i , n ∈ N}, where o(g) means the order of g, and let r
. Therefore we identify
For a finitely generated abelian group G n , set
i,j be a copy of the interval [0, 2π] for each (i, j) ∈ S (n) and denote by
i,j , and let T (n) j be a copy of the torus
and denote by τ
We define a one-point union X n by
identifying the base point of X n with ι
. For a finitely generated abelian group G n and relatively prime natural numbers p 0 and p 1 such that d
(n) with i ≥ 1, we set ♮(i) = 1 − i for i = 0, 1 and ♮(µ, ν) = ♮(i) for (µ, ν) ∈ S (n) with µ ≥ 1 and p µ | p i , and we define a C * -algebra A(G n , p 0 , p 1 ) by
It is not so hard to show that the C * -algebra
. In this paper we say that A(G n , p 0 , p 1 ) is a dimension drop algebra for G n , p 0 , and p 1 . In particular we denote by I( p 0 , p 1 ) the dimension drop algebra for {0}, p 0 , and p 1 with ( p 0 , p 1 ) =1, (i.e.,
that was defined in [6] .
Let e 0,0 be a minimal projection of M e d . We define f
otherwise.
Proposition 2.1. Let G n , p i , i = 0, 1, and A(G n , p 0 , p 1 ) be as above. Then it follows that (K 0 (A(G n , p 0 , p 1 )), [1] ) ∼ = (Z, 1) and that
Proof. Set A n = A(G n , p 0 , p 1 ) and I = I( p 0 , p 1 ), then we have that
Then we have the exact sequence
which induces the exact sequence on K-groups
and it follows that
Z by the identification defined by
Because of the definition of δ 0 and σ(h) = 1 I ⊕ 0 Bn,0 , we have that
under the above identification. Define h
Since σ(h
and that [f
0,j and g (n)
i,j because of the above identification
Then we have that
The following definitions are necessary to show the UHF-embeddability in Proposition 5.2 of the projectionless C * -algebra which will be obtained in Theorem 3.2. For a finitely generated abelian group G n , we denote by I 1,j . We define a one-point union X n by
for i = 0, 1 and j = 1, 2, ..., r
0 , and we identify A(G n , p 0 , p 1 ) with the C * -
are fixed automorphisms of M e d , and we denote the set of end points of X n by
0 }. Given G n and A(G n , p 0 , p 1 ) as in Proposition 2.1 let γ n be an injective homomorphism from G n into another finitely generated abelian group G n+1 . We shall show how to lift γ n to an embedding of 
) and (ψ n | A(Gn,e p0,e p1) ) * ∼ = γ n under the identification that was defined in Proposition 2.1, where
Proof. Suppose that G n and G n+1 are defined by (r
as in the beginning of this section and let γ n : G n → G n+1 be an injective group homomorphism. For the free part of G n and j = 1, 2, ..., r
Let P 0 and P 1 be large natural numbers such that
, and m = P 0 P 1 . We define a unital embedding ψ n :
by dividing into the following three cases depending on
, i = 0, 1, and t ∈ [0, 2π] we define
0 , and t ∈ [0, π] we define
and where
Recall that A n = A(G n , p 0 , p 1 ) was defined in terms of automorphisms ǫ (n) j and also depend on unital embeddings ǫ (n) i,j . We shall show that there exist automorphisms ǫ
By the definition of ψ n , it follows that for f ∈ A n ,
otherwise,
oterwise, which implies that
otherwise, which implies that ψ n (f
Hence we have that (ψ n ) * ∼ = γ n . Proof of (0,1). Letψ n,δ : X n+1 → X n , δ = 1, 2, ..., m be the continuous maps
i0,j0 is ε-dense. Considering a neighborhood of c n , we notice that if
0,j , c n ) ≤ ε, j = 0 or 1. Hence, combining the above arguments, we have (0,1). Proof of (0,2). Letψ n,δ : X n+1 → X n , δ = 1, 2, ..., m be the continuous maps
for any x, y ∈ X n+1 and δ = 1, 2, ..., m. Then for x and y ∈ X n+1 with
Thus we have (0,2). Proof of (0,3). By the definition of ψ n , for h
Then we have (0,3). This completes the proof of the proposition.
3 Simple projectionless C * -algebras with a unique tracial state
In this section, we construct the inductive limit C * -algebra of a sequence of dimension drop algebras that is simple and has a unique tracial state.
For the simplicity of C * -algebras and the uniqueness of tracial states, we prepare the following proposition.
Proposition 3.1. Let G n be a finitely generated abelian group, p 0 and p 1 relatively prime numbers such that d 
Proof. Let G n , p 0 , p 1 , and d be as in Section 2 (i.e., by r
(n) with i ≥ 1), and let A n be a dimension drop algebra for G n , p 0 , and p 1 .
First, we define p ′ i , i = 0, 1 as follows. Let P i ∈ N, i = 0, 1 be such that (P 0 p 0 , P 1 p 1 ) = 1, P i > d, and
We define p ′ i = P i p i for i = 0, 1, and m = P 0 P 1 . By the definition of P 0 and P 1 , we obtain a, b and c ∈ N satisfying that m = a p
then, taking large P i , we may assume that m ≥ 2(3r (n) 0 + κ). We shall define ϕ n,0 as the direct sum of r
. The first type of homomorphisms, denoted by η j , will be constructed to preserve the free part of G n and the second type denoted by ξ δ will be constructed to preserve the torsion subgroup of G n . We define a * -homomorphism η :
as follows. Set
and let V ∈ U (M 3 ) be such that
Remark that for f ∈ A n , Ad 1
and that
0 .
We define a * -homomorphism η :
We define a * -homomorphism ξ
0 ,
We define a * -homomorphism ξ :
, and let A n be defined by automorphisms ǫ
and define a unital * -homomorphisms ϕ n,0 :
We shall show that there exist automorphisms ǫ 
From the remark of η and the definition of ξ it follows that
Similarly, it follows that
Hence we conclude that
and
0,j , j = 1, 2, ..., r
0 , and [f
(n) with i ≥ 1. By the definitions of η, ξ, and ξ c , it
, and
By the definition of η it follows that η ν (f
0 , and by the definition of ξ
Hence we conclude that (ϕ n,0 | An ) * = id Gn . Proof of (1) 
, by the definition of ξ δ , we have that (1) (and (0)). Thus we may claim that ϕ n,0 satisfies (1). Proof of (2) . Let x 0 and y 0 ∈ X n be such that d(x 0 , y 0 ) ≤ ε and letη j,i : X n → X n for i = −1, 0, 1 be the continuous maps such that
By the definition of η j , it follows that
Then we have that | Tr 3r
Letξ δ : X n → X n be the continuous maps such that ξ δ (f ) = f •ξ δ . By the definition of ξ δ , it follows that
Then we have that
Combining the estimation for η and ξ, we have that
Thus we conclude (2).

Proof of (3). Let h
By the definition of η and ξ we have that
Then, by m ≥ 2(3r
Theorem 3.2. Let G be a countable abelian group. Then there exists a unital simple C * -algebra A which has a unique tracial state, is expressed as the inductive limit C * -algebra of an inductive sequence of dimension drop algebras, and satisfies (K
Proof. Let (G n ) n∈N be an increasing sequence of finitely generated abelian groups and γ n connecting maps such that G = lim −→ (G n , γ n ). We may assume that γ n is injective. By Proposition 2.2 and 3.1 we inductively obtain dimension drop algebras A n,0 and A n for G n and unital embeddings ψ n : A n ֒→ A n+1,0 and ϕ n+1,0 : A n+1,0 ֒→ A n+1 such that (ψ n ) * ∼ = γ n , (ϕ n+1,0 ) * ∼ = id Gn+1 , ψ n satisfies the conditions (0,1) and (0,2) in Proposition 2.2, and ϕ n+1,0 satisfies the conditions (1) and (2) in Proposition 3.1. Set ϕ n = ϕ n+1,0 • ψ n . Because of the conditions (0,1), (0,2), (1), and (2), we see that ϕ n satisfies a similar conditions to (1) and (2) and satisfies (ϕ n ) * = γ n . Let A be the inductive limit C * -algebra lim −→ (A n , ϕ n ). It is not so hard to show that A is unital, projectionless, and satisfies
By the condition (0,1) and (1) we shall show that A is simple. Let ϕ n be the canonical embedding from A n into A, and let I be an ideal of A. Then it follows that I = ( ϕ n (A n ) ∩ I).
Thus we obtain an ideal I n of A n such that ϕ n (A n ) ∩ I = ϕ n (I n ) and the compact subset Y n ⊂ X n such that
Assume that A = I, then there exists a subsequence m n ∈ N such that Y mn = φ, n ∈ N. For any n 0 ∈ N and f ∈ I n0 we have that ϕ mn−1 • ϕ mn−2 • · · · • ϕ n0 (f ) ∈ I mn , for large n ∈ N. By (0,1) and (1) of ϕ n it follows that f −1 ({0}) is 2 −mdense, where m → ∞ (m n → ∞), and then f = 0, thus I n0 = {0} for any n 0 ∈ N, which implies that I = {0}. Then we conclude that A is simple.
By the conditions (0,2) and (2), for f ∈ A n and ε > 0 we obtain δ > 0 and
, i = 0, 1, and let µ τi be the probability measures on X m+1 such that
By the above condition, it follows that
for any m ≥ M. Then for a sequence τ m ∈ T (A m ), m ∈ N it follows that (τ m+1 • ϕ m,n (f )) m∈N, m≥n is a Cauchy sequence and converges to a point which is independent of the choice of τ m ∈ T (A m ). We define a tracial state τ on A by
). By the above claim for τ 0 and τ 1 , it follows that τ is unique. This completes the proof.
4 Z-stability of projectionless C * -algebras
In this section, we prove that the projectionless C * -algebra, that was constructed in Section 3, for a countable abelian group without free part absorbs the JiangSu algebra tensorially without passing through the classification theory of these algebras (Theorem 4.3). In order to prove Z-stability of the projectionless C * -algebras for general countable abelian groups, we shall modify the constructions in Section 3 ( Lemma 4.4 and Theorem 4.5).
The following lemma is a continuation of the proof of Proposition 3.1. Remark that if G n = G n,1 then we have that X n = X n . We set ♮(0, i) = i for
and A n,0 = A(G n , P 0 p 0 , P 1 p 1 ). Let ϕ n,0 be the unital embedding from A n into A n,0 that was defined in the proof of Proposition 3.1 and let A n and A n,0 be defined by unital embeddings {ǫ (n) i,j } and {ǫ (n,0) i,j }. Lemma 4.1. Suppose that G n = G n,1 . Then there exists a unital embedding ψ of I(P 0 , P 1 ) into A n,0 satisfying that: if f ∈ A n and ε > 0 with f (x)−f (y) < ε for any x and y ∈ X n then it follows that
By the definition of ϕ n,0 in the proof of Proposition 3.1, it follows that
We denote by
. By the definition of ϕ n,0 , we have that
′ . Set I = I(P 0 , P 1 ) and identify
and ψ = Ad w • ψ ′ , then it follows that ψ(I) ⊂ A n,0 . Let f ∈ A n satisfy the condition in the lemma and let f i,j ∈ A i,j for (i, j) ∈ S (n) be such that f i,j (a
where x δ ∈ X n , m = P 0 P 1 . Hence it follows that for g ∈ I(P 0 , P 1 ) 1 and
Lemma 4.2. Let p and q be relatively prime numbers. If relatively prime numbers P 0 and P 1 satisfy min{P 0 , P 1 } ≥ 2pq, then there exists a unital embedding ψ of I(p, q) into I(P 0 , P 1 ).
Proof. Since (p, q) = 1 and min{P 0 , P 1 } > pq, we obtain a, b, c, and d ∈ Z + such that P 0 = ap + bq, P 1 = cp + dq, b < p, and c < q. Set D = ad − bc.
2 ) ≥ 0. Then we can separate P 0 P 1 as the following summation
We define a unital embedding ψ :
where V 0 and V 1 are the irreducible representations of I(p, q) at a (n) 0,0 and a (n) 0,1 . Since cP 0 + qD = aP 1 and bP 1 + pD = dP 0 , we obtain unital embeddings
, for any f ∈ I(p, q) and i = 0, 1. Hence we have that ψ(I(p, q)) ⊂ I(P 0 , P 1 ), where I(P 0 , P 1 ) is defined by ǫ 0,i . Proof. By the definition of ϕ n,0 in the proof of 3.1, for any ε > 0, n 0 ∈ N, and any finite subset F ⊂ A n0 there exists a natural number m ∈ N such that max { ϕ m,n (f )(x) −ϕ m,n (f )(y) ; f ∈ F, x, y ∈ X m+1 } < ε, where ϕ m,n = ϕ m • ϕ m−1 • · · · • ϕ n and ϕ n = ϕ n+1,0 • ψ n : A n ֒→ A n+1 that was defined in the proof of Theorem 3.2. Applying Lemma 4.1 and Lemma 4.2, we have that
for any relatively prime numbers p and q. By Proposition 2.2 in [15] , this implies that A ⊗ Z ∼ = A.
Lemma 4.4. Let G n be a finitely generated abelian group, p and q relatively prime numbers, p 0 and p 1 relatively prime numbers such that d
(n) with i ≥ 1, and A n the dimension drop algebra for G n , p 0 , and p 1 . Then there exist relatively prime numbers p ′ 0 and p if f ∈ A n and ε > 0 satisfy f (x) − f (y) < ε for any x and y ∈ X n then it follows that
Proof. Let α, β ∈ N be such that αp − βq = 1, α < q, and β < p and let P i , i = 0, 1 be relatively prime numbers as in the proof of Proposition 3.1, satisfying moreover P 0 P 1 > (αp + βq) + κ, (P i , pq) = 1, and min{P 0 , P 1 } ≥ 2pq. Set p
d by the same way as in the proof of Proposition 3.1, and define ϕ n,0 :
0,j ) for any f ∈ A n and j = 1, 2, ..., r 
Thus it follows that Ad v • ϕ n,0 (f )(b
0,j ) for any f ∈ A n and j = 1, 2, ..., r (n) 0 . As in the proof of Proposition 3.1 for ξ, we obtain unital embeddings ǫ
any f ∈ A n and (i, j) ∈ S (n) . Let A n,0 be the dimension drop algebra for i,j }, thus it follows that ϕ n,0 (A n ) ⊂ A n,0 . Since αp − βq = 1, we have that (ϕ n,0 | An ) * = id Gn .
As in the proof of Lemma 4.2 and (P i , pq) = 1, we obtain a, b, c, d, and D ∈ N such that D = ad − bc and P 0 P 1 = pcP 0 + qbP 1 + pqD. Set I = I(p, q), and define a unital embedding ψ
where V 0 and V 1 are the representations of I at a 
and f (x) = f (c n ) for x ∈ I (n) i,j , i = 0, 1 and j = 1, 2, ..., r
. As in the proof of Lemma 4.1, we obtain a unitary w ∈ U (C(
) for g ∈ I and (i, j) ∈ S (n) , and
for g ∈ I 1 , x ∈ X n , f ∈ A n , and ε > 0 satisfying that f (x) − f (y) < ε for any x, y ∈ X n . Set ψ = Ad w • ψ ′ , then by the definitions of v and ψ ′ , it follows that
which induces that ψ(I) ⊂ A n,0 . In order to obtain the condition (1) and (2) for this ϕ n,0 , applying Proposition 3.1, we take the dimension drop algebra A n,1 = A(G n , p 
5
Certain aperiodic automorphism of projectionless C * -algebras
In this section, we show the UHF-embeddability of the C * -algebra in Theorem 3.2 or 4.5 ( Proposition 5.2) and prove Theorem 1.2.
Let A be the unital simple projectionless C * -algebra which is obtained in Theorem 3.2 or 4.5 for a countable abelian group G, τ the unique tracial state of A, (A n , ϕ n ) the sequence of dimension drop algebras such that A = lim −→ (A n , ϕ n ), where we have defined ϕ n : A n ֒→ A n+1 as the decomposition of unital embeddings such that
Let µ n be the probability measure on X n defined by τ • ϕ n (f ⊗ 1 e dn ) = Xn f (x) dµ n (x) for any f ∈ C(X n ), and E n = {a
We recall that ψ n and ϕ n+1,0 satisfy (0,3) and (3) in Proposition 2.2 and 3.1 or Lemma 4.4, then we have the following lemma.
Lemma 5.1. For any n ∈ N we have that µ n (E n ) = 0.
. By the conditions (0,3) and (3) in Proposition 2.2 and 3.1 or Lemma 4.4 we have that
Hence we have that µ n (E n ) = 0. Let (π τ , H τ ) be the GNS-representation of A associated with τ . The following Proposition is a generalization of Proposition 2.3 in [13] . 
where the limit is taken in the strong operator topology. From Lemma 5.1 and a similar argument to the proof of Proposition 2.3 in [13] , it follows that Ψ n is independent of the choice of f k , is an injective * -homomorphism, Ψ n | An = π τ • ϕ n and satisfies Ψ n = Ψ n+1 • ϕ n on C n . Then we have that
Set B = n Ψ n (C n ) · and define a sequence of finite dimensional C * -subalgebras B n of B by
By the definition of ϕ n+1,0 and ψ n , for f ∈ C n there exists a large natural number m such that
′′ . From Lemma 5.1 we have that
Remark 5.3. By the UHF-embeddability in the above proposition and by the same argument as in the proof of Theorem 2.6 in [13] , we can prove 1.1 for the projectionless C * -algebras that are constructed in this paper.
The following lemma is an adaptation of Theorem 3.12.14 in [11] . such that F n − π τ (f n ) → 0 (strongly).
We recall that
WInn(A) = {α ∈ Aut(A) : π τ • α = Ad W • π τ , W ∈ U (π τ (A) ′′ )}.
Mimicking the proof of Lemma 4.4 and Theorem 4.5 in [7] , we obtain the following proposition.
Proposition 5.5. Let A be a unital simple projectionless C * -algebra with a unique tracial state τ and let α ∈ Aut(A). If there exists a central sequence (f n ) n∈N ∈ (A ∞ ) 1 + such that (α(f n )) n · (f n ) n = 0, τ (1 − (f n + α(f n ))) → 0, n → ∞, then α / ∈ WInn(A) .
Proof. Assume that there exists
′′ be a representation of A × α Z determined by ρ(a) = π τ (a) for a ∈ A and ρ(u α ) = V , where u α is the canonical unitary with u α a = α(a)u α , a ∈ A. Define a tracial state φ of A × α Z by φ(x) = (ρ(x)Ω τ |Ω τ ), where Ω τ is the cyclic vector obtained by the GNS-representation associated with τ . By V ∈ U (π τ (A)
′′ ) there are a n ∈ A such that π τ (a n ) → V * (strongly). Thus we have φ(a n u α ) → 1. However we shall obtain φ(au α ) = 0 for any a ∈ A by the condition of α and the following argument.
Set a ∈ A 1 and let (f n ) ∈ (A ∞ ) 1 + be as in the Proposition, then it follows that φ(au α ) = lim n→∞ φ((f n + α(f n ))au α ) + φ((1 − (f n + α(f n )))au α ) = lim φ((f n + α(f n ))au α ).
Since (f n ) n is a central sequence we have that lim n→∞ φ(f n au α ) = lim φ(f 1/2 n α(f n ) 1/2 au α ) = 0, which implies that φ(au α ) = 0.
The following proof of Theorem 1.2 is based on the proof of Theorem 4.5 in [7] . Proof of Theorem 1.2.
Suppose that α ∈ Aut(A) has a central sequence (f ′′ . Let k ∈ N, ε n > 0, n ∈ N, be such that ε n ց 0, and F n , n ∈ N, be finite subsets of A 1 such that ( F n ) · = A 1 . By the classification theory for aperiodic automorphisms on the injective type II 1 factor due to Connes [1] , there exists a central sequence (E m ) ∈ (π τ (A)
′′ ) ∞ in the sense of the strong topology of projections such that 
and by E m (α(E m ) + α 2 (E m ) + · · · + α k−1 (E m ))E m 2 → 0, we have that π τ (g m ) 2 → 0. Remark that 0 ≤ f m,n ≤ f ′ m and (f m,n ) m is a central sequence in the norm sense for any n ∈ N (i.e., [f m,n , a] → 0, m → ∞, a ∈ A). Then for any j = 1, 2, ..., k − 1 and m, n ∈ N we have that f m,n α j (f m,n )
Since π τ (g m ) 2 → 0 and (f m,n ) m ∈ A ∞ , for ε n > 0 and F n we obtain a sub-sequence m n ∈ N such that f mn,n − f ′ mn 2 ≤ f εn (g mn ) 2 < ε n , [f mn,n , x] < ε n , x ∈ F n . Let f n = f mn,n ∈ (A) 1 + . Thus (f n ) n is a central sequence in the norm sense which satisfies (f n ) n (α j (f n )) n = 0, j = 1, 2, ..., k − 1.
This completes the proof.
